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Abstract This paper addresses the problem of the Chaplygin ball rolling on
a horizontal plane which rotates with constant angular velocity. In this case, the
equations of motion admit area integrals, an integral of squared angular momentum
and the Jacobi integral, which is a generalization of the energy integral, and possess
an invariant measure. After reduction the problem reduces to investigating a three-
dimensional Poincare´ map that preserves phase volume (with density defined by the
invariant measure). We show that in the general case the system’s dynamics is chaotic.
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Introduction
1. Affine (inhomogeneous) constraints in nonholonomic mechanics are represented as
fµ = (aµ(q), q˙) + bµ(q) = 0,
where q and q˙ are the generalized coordinates and velocities of the system. The best
understood case is that of constraints homogeneous in velocities (i. e., bµ(q) = 0). These
constraints arise, for example, when a convex rigid body rolls without slipping or when
a rigid body with a fastened wheel pair (knife edge) moves on a fixed supporting surface
(the Chaplygin sleigh). As was shown already by Hertz, equations of motion preserve the
energy integral in the case of homogeneous constraints. For more detailed treatments of
modern methods and problems of nonholonomic mechanics, see [31, 15, 14, 3, 13].
As is well known, a system with affine constraints (bµ(q) 6= 0) does generally not
preserve the energy integral. Nevertheless, an example of constraints in which the system
admits a generalization of the energy integral is provided by the motion of a rigid body
on a supporting surface which rotates with constant angular velocity. In this case, after
transition to a uniformly rotating coordinate system, terms linear in the velocity are
added to the Lagrangian functions, and the constraints are reduced to homogeneous
ones. For this reason there exists an additional integral, which was called the Jacobi
integral in [11] using an analogy with celestial mechanics. In [25, 26], an analogous
integral is called “moving energy”.
2. The best-known example of a system with affine constraints is the rolling motion
of a homogeneous ball on a uniformly rotating plane. This problem was first considered
by S.Earnshaw [24] before nonholonomic mechanics grew into a separate discipline [12].
He showed that the trajectory of the center of the ball in absolute space is a circle the
position of the center of which depends on initial conditions. Later this problem was
considered in the textbooks of E.A. Milne [34], Yu. I. Neimark and N.A. Fufaev [41],
and E. J. Routh [35]. The authors of [28] discuss the following interesting demonstration
based on this problem and presented in the Franklin Museum: a homogeneous ball rolling
in a straight line gets onto a rotating table and then leaves it along the same straight
line. Theoretical and experimental results on this system, called ANAIS billiard, are
discussed in [32, 29]. For references to the literature on various generalizations of the
Earnshaw problem, see [11].
3. Another well-known integrable, but much more complex system of nonholonomic
mechanics is the problem of a dynamically asymmetric balanced ball [21] (Chaplygin
ball) rolling on a fixed horizontal plane. In [10], a detailed qualitative analysis of this
system is presented and, in particular, conditions for boundedness and unboundedness
of trajectories of the contact point are found.
This problem admits a number of integrable generalizations obtained by adding
a gyrostatic term or a Brun field [40]. Another integrable nontrivial generalization is
related to the Chaplygin ball rolling over a sphere [38, 17]. However, if the center of
mass of the ball is displaced relative to the geometric center, then the system becomes
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nonintegrable [8] and exhibits the reversal phenomenon [7] and strange attractors typical
of rattlebacks [16]. There is no detailed treatment of dynamics in this case, although it
is of great interest, especially when it comes to verifying the nonholonomic model (that
is, checking whether it agrees with experiments) and detecting new nontrivial dynamical
phenomena. Particular interest in this problem has been stimulated recently by designs
of spherical robots which move by displacing the center of mass [1, 19].
4. In this paper, we consider the motion of the Chaplygin ball on a horizontal plane
which rotates with constant angular velocity. An explicit generalization of the energy
integral in this case was presented in [27], although this integral can easily be obtained
on the basis of the results of [11]. Moreover, this problem admits an area integral, an
integral of squared angular momentum, and an invariant measure. After reduction the
problem reduces to investigating a three-dimensional Poincare´ map that preserves phase
volume (with density defined by an invariant measure). In this paper we show that in
the general case the dynamics of the system is chaotic. Similar three-dimensional maps
were considered earlier in relation to chaotic advection in [20, 22].
Three-dimensional maps that are given by explicit expressions (and not generated
by the phase flow) have recently been investigated in [30, 23] from the viewpoint of
bifurcation and chaotic dynamics. Of interest is the generalization of methods which are
developed in these studies for the problem we consider here. A number of phenomena
that are similar to those described in [30, 23] and lead to the appearance of three-
dimensional tori are presented in this paper. When there is axial symmetry, the problem
can be reduced to investigating a two-dimensional area-preserving map where the
dynamics can be analyzed in more detail.
5.We note that Tze´noff [36, 37] considered the problem of a dynamically symmetric
body of revolution rolling on a rotating plane to illustrate a new form (proposed by him)
of equations of nonholonomic mechanics. However, in these papers he failed to obtain
any dynamical conclusions or results, and the equations of motion presented in them
are intractable for further analysis. As will be shown below, he also made an incorrect
statement concerning integrability of the case where the body has a spherical surface.
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1. Equations of motion with an inhomogeneous nonholonomic constraint
Consider the problem of an inhomogeneous balanced ball rolling without slipping on a
horizontal plane rotating with constant angular velocity Ω. Let us choose two coordinate
systems:
– Oxyz, a fixed coordinate system with a vertical axis OZ coinciding with the axis
of rotation of the plane;
– Cx1x2x3, a moving coordinate system with origin C at the center of the ball and
with axes directed along the principal axes of inertia.
The position and orientation of the ball are given by coordinates x and y of the
ball’s center C on the plane Oxy and by the matrix of rotation of the moving axes
relative to the fixed axes
Q =


α1 α2 α3
β1 β2 β3
γ1 γ2 γ3

 ∈ SO(3).
In what follows, unless otherwise specified, all vectors are referred to the moving
coordinate system Ox1x2x3, and the following notation is used:
– v = (v1, v2, v3) — the velocity of the ball’s center C,
– ω = (ω1, ω2, ω3) — the angular velocity of the ball,
– α = (α1, α2, α3), β = (β1, β2, β3), γ = (γ1, γ2, γ3) — the unit vectors of the fixed
axes Oxyz, with γ ‖ Oz.
The constraint equations which express the no-slip constraint can be represented
in the vector form
f = v − aω × γ − Ωγ ×R = 0, R = xα+ yβ, (1)
where R is the radius vector of the ball’s center C in the moving axes and a is the radius
of the ball.
The kinematic equations governing the evolution of the position and orientation of
the ball can be written as
α˙ = α× ω, β˙ = β × ω, γ˙ = γ × ω, x˙ = (α, v), y˙ = (β, v). (2)
As is well known, dynamical equations of a system are derived from the
D’Alembert – Lagrange principle and have in this case the form [18]:
d
dt
(
∂L
∂v
)
+ ω × ∂L
∂v
=
∂L
∂x
α+
∂L
∂y
β +
∑
µ
Nµ
∂fµ
∂v
, (3)
d
dt
(
∂L
∂ω
)
+ ω × ∂L
∂ω
+ v × ∂L
∂v
= (4)
=
∂L
∂α
×α+ ∂L
∂β
× β + ∂L
∂γ
× γ +
∑
µ
Nµ
∂fµ
∂ω
, (5)
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where fµ are the components of the vector constraint equation (1) and Nµ are the
undetermined multipliers (constraint reactions).
Since the center of mass coincides with the geometric center, the Lagrangian
function coincides with the kinetic energy of the ball:
L =
1
2
mv2 +
1
2
(ω, Iω),
where m is the mass of the ball and I = diag(I1, I2, I3) is its tensor of inertia relative to
the center of mass. Substituting into (3), we obtain
mv˙ +mω × v =N , Iω˙ + ω × Iω = aN × γ. (6)
From the constraint equation (1) we find the relations
v = (aω − ΩR)× γ, v˙ = (aω˙ − ΩR˙)× γ + (aω − ΩR)× (γ × ω). (7)
Using these relations and eliminating the reaction N and the velocity v from (6) and
(2), we obtain a complete system, which describes the dynamics, in the form
Iω˙ +ma2γ × (ω˙ × γ) = Iω × ω −maΩ(ω,γ)R× γ −maΩ(R˙× γ)× γ,(8)
α˙ = α× ω, β˙ = β × ω, γ˙ = γ × ω, (9)
x˙ = −Ωy + a(ω,β), y˙ = Ωx− a(ω,α). (10)
These equations define the flow on the eight-dimensional phase space M8 =
SO(3)× R5.
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2. Conservation laws
Let us restrict the Lagrangian function using (7) to the constraint (i. e., eliminate v):
L∗ =
1
2
(ω, Iω) +
1
2
ma2(ω × γ,ω × γ)−maΩ(ω,R) + 1
2
mΩ2(x2 + y2),
where for simplicity we have used the identity γ × (R × γ) = R. Let us define the
angular momentum vector of the system
M =
∂L∗
∂ω
= Iω +ma2γ × (ω × γ)−maΩR. (11)
From equations (8) we find that its evolution is governed by the equation
M˙ =M × ω.
This equation implies that the vectorM remains constant in the fixed coordinate system
Oxyz. As a consequence, we find that the system (8) admits three linear first integrals
F1 = (M ,α), F2 = (M ,β), F3 = (M ,γ). (12)
In addition, it was shown in [11] that in the system under consideration one can
construct an integral similar to the Jacobi integral in mechanics
E =
1
2
(ω, Iω +ma2γ × (ω × γ))− m
2
Ω2(x2 + y2). (13)
This integral was found explicitly in [27].
Another general invariant of the system (6) is the invariant measure µ =
ρdxdyd3αd3βd3γd3ω, where density is given by the expression
ρ =
det(I+ma2E−ma2γ ⊗ γ)√
1−ma2(γ, (I+ma2E)−1γ) .
Equations (8) also admit an obvious symmetry field corresponding to invariance
under rotations of the plane of support:
uˆs = −y ∂
∂x
+x
∂
∂y
−β1 ∂
∂α1
+α1
∂
∂β1
−β2 ∂
∂α2
+α2
∂
∂β2
−β3 ∂
∂α3
+α3
∂
∂β3
.(14)
3. Reduction
Eliminating the variable corresponding to the symmetry field (14), we obtain the reduced
system describing the evolution of ω, γ and R:
I˜ω˙ = Iω × ω −maΩ(ω,γ)R× γ −maΩ(R˙× γ)× γ (15)
γ˙ = γ × ω, R˙ = R× (ω − Ωγ)− aγ × ω, (16)
where I˜ = I+ma2(γ2E−γ⊗γ) is the tensor of inertia relative to the point of contact.
The system (15) admits two geometric integrals whose values are fixed:
γ2 = 1, (R,γ) = 0.
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These relations define in R9 the seven-dimensional phase space of the reduced system
M7 ≈ TS2 × R3.
A special feature of reduction in this case is that the complete set of integrals turns
out to be noninvariant under the action of the symmetry field (14):
uˆs(F3) = 0, uˆs(E) = 0, uˆs(F1) = −F2, uˆs(F2) = F1. (17)
As a result, the system (15) admits only three additional first integrals (and not
four, as one would expect), which are invariant under the action (17). For example, one
can choose:
F˜1 = F
2
1
+ F 2
2
+ F 2
3
= (M ,M), F˜2 = F3 = (M ,γ)
E =
1
2
(M ,ω) +
1
2
maΩ(ω,R)− mΩ
2
2
(R,R),
where M is given by (11).
From the known solutions ω(t), γ(t), R(t) of the reduced system (15) at given
values of the first integrals F˜1 = C
2, F˜1 = Mγ and at M ∦ γ the orientation of the ball
and the motion of the contact point are defined by the relations
α˙ =
M × γ√
C2 −M2γ
, β˙ =
M −Mγγ√
C2 −M2γ
, x = (α,R), y = (β,R),
where M is given by (11).
For the system (15) to be integrable, there must exist (for suitable system
parameters) another pair of tensor invariants, for example, two integrals, or an integral
and a symmetry field.
4. Poincare´ map
For numerical analysis and illustration of the behavior of the trajectories of (15), it is
convenient to use the method of Poincare´ section [15, 6]. We describe here briefly its
construction for the system considered.
We first restrict the system (15) to the level manifold of the first integrals
M5 = {(ω,γ,R)| γ2 = 1, (R,γ) = 0, F˜1(z) = C2, F˜2(z) = Mγ}
and obtain a five-dimensional flow with the energy integral E˜ = E|M5. To parameterize
M5, we use the variables (K, r1, r2, l, g, ), which we define as follows:
K = M3, r1 = R1γ1+R2γ2, r2 = R1γ2−R2γ1, tan l = M1
M2
, tan g =
C(M2γ1 −M1γ2)
MγK − C2γ3 ,
where l, g ∈ [0, 2pi) are the angle variables.
Next, we fix the level set of the energy integral E˜ = h and thus obtain a one-
parameter family of four-dimensional flows on the manifolds M4h, and as a secant for
this flow we choose a manifold given by the relation
g = g0 = const.
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Numerically integrating the system under consideration and finding intersections of the
trajectories with the given section, we obtain a family of three-dimensional maps P3h,g0,
which we parameterize by the variables (l, r1, r2), and define the variable K from the
energy integral.
Since the system (15) possesses an invariant measure, the three-dimensional
Poincare´ map preserves some volume form. Below we outline its main properties.
For the homogeneous ball (I1 = I2 = I3) the equations of motion (15) possess
additional symmetry fields corresponding to invariance of the system under rotation
about each axis:
uˆ1 = −ω2 ∂
∂ω3
+ ω3
∂
∂ω2
− γ2 ∂
∂γ3
+ γ3
∂
∂γ2
− R2 ∂
∂R3
+R2
∂
∂R3
,
uˆ2 = −ω3 ∂
∂ω1
+ ω1
∂
∂ω3
− γ3 ∂
∂γ1
+ γ1
∂
∂γ3
− R3 ∂
∂R1
+R1
∂
∂R3
,
uˆ3 = −ω2 ∂
∂ω1
+ ω1
∂
∂ω2
− γ2 ∂
∂γ1
+ γ1
∂
∂γ2
− R2 ∂
∂R1
+R1
∂
∂R2
.
A Poincare´ map for this case is shown in Fig. 1a, and the motion of the point is illustrated
in Fig. 1b. As can be seen, the map is foliated by invariant curves, and the point of
contact moves in a circle. For explicit integration of the system (15) in this case it is
more convenient to pass to the fixed coordinate system (see [11] for details).
For a dynamically symmetric ball (I1 = I2) the equations of motion (15) possess
only one symmetry field uˆ3. In this case, the variable l is cyclic (i. e., uˆ3(l) = 0).
Thereby the problem reduces to investigating a two-dimensional Poincare´ map. As is
evident from Fig. 2a, the map has in this case a chaotic trajectory, and hence there is no
additional integral. This implies that the conclusion made by Tze´noff in [36] concerning
integrability of this case by quadratures is incorrect.
A Poincare´ map for a dynamically asymmetric ball is shown in Fig. 3. The presence
of a chaotic trajectory in Fig. 3a shows the absence of two additional integrals. However,
the map has invariant tori (see Fig. 3b). Numerical experiments show that in both cases
the trajectory of the contact point remains bounded (see Fig. 4).
An interesting feature of the behavior of the contact point is that it is not only
bounded, but also regular in a sense, at least visually. Indeed, although the reduced
system has chaotic behavior, the latter is very difficult to detect from visual inspection
of the trajectory of the contact point, which lies between two circles and, at first sight,
has quasi-periodic behavior. As a result, the above-mentioned chaotic behavior is very
difficult to detect experimentally. A similar phenomenon is observed in the behavior of
the trajectory of the contact point of the Chaplygin top [8] and rattlebacks [16], the
reduced phase space of which contains strange attractors. In this connection we refer the
reader to the work [8], in which the authors actually doubt the widely spread belief that a
long-range weather forecast is impossible due to the presence of a Lorenz attractor in the
simplified hydrodynamical model. It turns out that, although some dynamical variables
(such as velocities) may have “strongly chaotic” behavior, experimentally measurable
variables can behave rather regularly. In particular, the trajectories in Fig. 4 are obtained
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from the reduced system (whose map is shown in Fig. 3a) by an additional quadrature,
which is seen to have a “regularizing” character.
In contrast to the fixed plane, where the integrability of the system allows a complete
analysis of the contact point [10], the reduced system (15) exhibits in this case chaotic
trajectories, and so it does not seem possible to completely describe the motion of the
contact point. The problem of finite motion of the contact point is also unresolved. It
is possible that there exist unbounded trajectories due to the phenomenon of diffusion
described for three-dimensional maps in the recent paper [33].
Рис. 1. A Poincare´ map for a completely dynamically symmetric ball (a) and the
trajectory of the contact point (b) for fixed parametersm = 1, a = 5, I1 = I2 = I3 = 3,
H = 6, h = 5, G = 10, Ω = 2.
Рис. 2. A Poincare´ map for a dynamically symmetric ball (a) and the trajectory of
the contact point (b) for fixed parameters m = 1, a = 5, I1 = I2 = 2 I3 = 3, H = 6,
h = 5, G = 10, Ω = 2.
5. The case M ‖ γ
1. Let the angular momentum M be parallel to the normal vector γ:
M = λγ, λ = F˜2 = const. (18)
This case requires a separate analysis, since in this case the integrals F˜1 and F˜2 are
dependent. If the plane is fixed (Ω = 0), the system is integrable and, on a fixed level
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Рис. 3. A Poincare´ map for a dynamically asymmetric ball at different values a)H = 2
and b) H = 6, the other parameters have the values m = 1, a = 5, I1 = 2, I2 = 3
I3 = 4, h = 5, G = 10, Ω = 2.
фрагмент
Рис. 4. Trajectory of the contact point of a dynamically asymmetric ball for
parameters corresponding to Fig. 3.
set of the energy integral, the evolution of the normal γ is governed by the Euler equation
for the motion of a free rigid body with a fixed point [9, 21].
In view of (18) the relation for the angular velocity has the form
ω = AK +
(γ,AK)
d−1 − (γ,Aγ)Aγ, (19)
A = diag(a1, a2, a3), K = λγ +maΩR, (20)
ai = (Ii + d)
−1, d = ma2. (21)
As a result, we obtain a closed system of equations governing the evolution of K and γ
in the form
K˙ = Ωγ ×K + (K − dΩγ)× ω, γ˙ = γ × ω. (22)
The first integrals of this system can be represented as
γ2 = 1, (K,γ) = λ, E˜ =
1
2
(K,AK)− K
2
2d
+
d
2(1− d(γ,Aγ))(AK,γ)
2.
In addition, this system possesses the invariant measure
µ = ρdKdγ, ρ = (1− d(γ,Aγ))− 12 .
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We see that the first integrals and the invariant measure of the system (22) are
analogous to the invariants in the Chaplygin problem of a ball rolling on a fixed
plane [21, 39]. This raises a natural question of the possibility of representing the
equations of motion (22) in conformally Hamiltonian form (see [5, 2] for details). This
problem will not be considered here.
2. For the system (22) to be integrable, we need an additional integral. We show
that in the general case it is absent. For this we investigate numerically the Poincare´
map.
We define the Andoyer –Deprit variables (L,G, l, g)
K1 =
√
G2 − L2 sin l, K2 =
√
G2 − L2 cos l, K3 = L,
γ1 =
(
λ
G
√
1− L
2
G2
+
L
G
√
1− λ
2
G2
)
sin l +
√
1− λ
2
G2
sin g cos l,
γ2 =
(
λ
G
√
1− L
2
G2
+
L
G
√
1− λ
2
G2
)
cos l −
√
1− λ
2
G2
sin g sin l,
γ3 = λ
L
G2
−
√
1− L
2
G2
√
1− λ
2
G2
cos g,
where l, g ∈ [0, 2pi) and L, G satisfy the inequality
−1 6 L
G
6 1.
On a fixed level set of the integral E˜ = h the system (22) describes a four-dimensional
flow. We choose g = 0 as a secant of this flow and obtain a two-dimensional Poincare´
map, which we parameterize by the variables
(
l, L
G
)
.
Рис. 5. A Poincare´ map of the system (22) for fixed parameters a1 = 1, a2 = 2,
a3 = 3, d = 4, h = 100, λ = 2, Ω = 0.5.
A typical view of the Poincare´ map is presented in Fig. 5. In this case, the map
exhibits chaotic trajectories and hence, in the general case, there is no additional integral.
3. If the case is dynamically symmetric (a1 = a2), there exists an additional integral
F3 (linear in K):
F3 = ργ3(K1γ1 +K2γ2)− ρ
(
1− γ2
3
− 1
a1d
)
K3 + ΩΨ(γ3),
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where the function Ψ(γ3) is defined, depending on the moments of inertia, by the
following relations:
If a3 > a1, then
Ψ(γ3) =
√
d
2
√
a3 − a1
(
1− 1
a1d
)2
arctan
(
ρ
1 − a1d− 2d(a3 − a1)γ23
2γ3
√
d(a3 − a1)
)
.
If a3 < a1, then
Ψ(γ3) =
√
d
4
√
a1 − a3
(
1− 1
a1d
)2
( ln(ξ+1)−ln(ξ−1)), ξ = ρ1 − a1d− 2d(a3 − a1)γ
2
3
4γ3
√
d(a1 − a3)
.
Thus, in the case of a dynamically symmetric ball the system (22) is integrable by
quadratures.
It can be shown that in the general case the fixed level set of the integral
E˜(K,γ) = h can, depending on the system parameters, define a noncompact surface in
phase space. However, numerical experiments show that the trajectories of the system
(22) and the motion of the point of contact of the ball are bounded. A rigorous analysis
of the conditions of boundedness of the ball’s trajectories is a separate problem which
can be solved by the methods of [4].
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6. Discussion
We point out some questions that are related to this work and require additional
research.
For the motion of the Chaplygin ball on a rotating plane one can present the same
generalizations of the problem that were studied in detail for the Earnshaw problem
of a homogeneous ball described in the Introduction. For example, it is possible to
introduce additional forces and friction torques, inclination of the plane and the action
of gravity and to consider the now nonintegrable scattering problem [32]. However,
all these generalizations are rather complicated and can evidently be carried out only
by numerical simulations. The study of these problems is of great importance for
determining the scope of applicability of the nonholonomic model and the role of friction
which can lead to new interesting phenomena in natural experiments.
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